PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: October 15, 2007
ACCEPTED: November 25, 2007
PUBLISHED: December 18, 2007

I

Higher-order corrections to mass-charge relation of
extremal black holes

Yevgeny Kats, Lubo$ Motl and Megha Padi

Jefferson Physical Laboratory, Harvard University,
Cambridge, MA 02138, U.S.A.
E-mail: padi@fas.harvard.edy

ABSTRACT: We investigate the hypothesis that the higher-derivative corrections always
make extremal non-supersymmetric black holes lighter than the classical bound and self-
repulsive. This hypothesis was recently formulated in the context of the so-called swamp-
land program. One of our examples involves an extremal heterotic black hole in four di-
mensions. We also calculate the effect of general four-derivative terms in Maxwell-Einstein
theories in D dimensions. The results are consistent with the conjecture.
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Corrections to the Reissner-Nordstrom black hole in D dimensions

1. Introduction

In view of the seemingly large number of allowed vacua in string theory, it is important to
look for universal properties of these solutions, and see what features of the low-energy field
theory can nevertheless be deduced from string theory. It turns out that such features exist,
and not any low-energy particle content is allowed: Vafa [[[] has discussed the possibility of
restrictions related to the finiteness of volume of massless scalar fields, the finiteness of the
number of massless fields, and the rank of the gauge groups. In fact, just the requirement to
include quantum gravity (even if not in the framework of string theory) puts constraints on
the low-energy physics [} [L1]]. Arkani-Hamed et al. [B] considered a theory of a single U(1)
gauge field, and came to the conclusion that the gauge force must be stronger than gravity,
i.e., there must exist charged particles for which the net force is repulsive. Furthermore,
the effective theory breaks down at some scale beneath the Planck scale, and there should
exist a charged particle at or below that scale.

In particular, Arkani-Hamed et al. made a prediction regarding the mass-charge rela-
tion of extremal black holes. Consider a particle with a mass M and a charge @. For this
particle to be unstable, it must be able to decay into two or more particles whose total
mass is smaller than M and total charge equal to Q. To satisfy these conditions, at least
one of the outgoing particles must have a smaller M /Q ratio than the original particle.

The argument extends to black holes, which are believed to be the low-energy descrip-
tion of elementary particles whose masses are much above the Planck scale. Since it is
unnatural to have an infinite number of exactly stable particles, the mass-charge relation
for extremal black holes M = @) cannot be exact: the M/Q ratio for extremal black holes
should decrease with decreasing @), so that for every extremal black hole there is another
black hole with a smaller M/Q ratio (see figure [I[). Because states with M/Q < 1 must
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Figure 1: The classical mass-charge relation for extremal black holes is represented by the dashed
line; it must be valid in the limit M > Mp;. Curve A shows a possible exact mass-charge relation.
Curve B is unacceptable because it would imply an infinite number of states that cannot decay.

exist, the most natural expectation is that the black holes, states with very high values of
M, @, also satisfy M/Q < 1, although the difference from 1 is tiny.

Since the net force between black holes with M = @ vanishes, the previous argument
also predicts that the net force will become repulsive. This is indeed expected because if
the force were attractive, heavier bound states with a lower M /(@ ratio would be possible,
again creating an infinite number of states that cannot decay. While the relation between
the decrease of the mass and the repulsion is trivial in the case of Reissner-Nordstrom black
holes, the existence of other fields (e.g., the dilaton) makes the two arguments independent.

In this paper we present calculations concerning corrections to the mass-charge rela-
tion of extremal black holes. Section [ is dedicated to the case of four-derivative terms
affecting Reissner-Nordstrom black holes (and appendix [B extends the result to the case of
D dimensions). Section B discusses a heterotic black hole where the additional coupling to
the dilaton must be included. In section |, we offer conclusions and a list of black objects
that could be investigated.

2. Corrections to the Reissner-Nordstrom black hole

The Reissner-Nordstrom black hole is a spherically symmetric static solution with a radial
electric (or magnetic) field, governed by the action:

S = /d4x\/—_g< R iFWFW> (2.1)
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where k? = 87G. Starting with the most general spherically symmetric static metric
ds? = —e"Mdt? + 2 dr? 4 r2d0° (2.2)
and looking for a solution with a radial electric field of the form F' = E(r), one finds

2M 2@2 Q
vir) _ M) 1 _ B k E(r) = 2.3
¢ ¢ Irr 32722 (") = o2 (2:3)

The solution describes a black hole for M > g |Q| (otherwise the solution describes a
naked singularity). Black holes with the minimal possible mass M for a given charge @
are called extremal. In units with x2 = 2, they satisfy M = |@Q| and the horizon radius
r=M/ir = |Q|/4n.

Corrections due to quantum gravity can be represented by higher-order terms in the
effective action. For the purpose of determining the mass of an extremal black hole, we are
interested in the solution near the horizon: r ~ ). The unperturbed solution (E) implies
that any derivative contributes a factor of order 1/Q, so the Riemann tensor is R ~ 1/Q?,
and for the electromagnetic field tensor we have F' ~ Q/r? ~ 1/Q and VF ~ 1/Q?. Since
Q ~ M > 1, terms of higher order in R, F', and derivatives are suppressed by powers
of 1/Q, and we may consider just the leading-order corrections. Both terms in (R.I) are
~ 1/Q?. The leading order (~ 1/Q*) corrections are:

R 1
S = / d4x\/—_g<@ = Fw " e R% + 3 Ry R™ + ¢3 Ryypo RMP7 +
+c4 RE, FM + 5 R F,,F,P + cg R¥PFyFoy + 7 (Fup FH)?
+ 8 (VuFoe ) (VEFP7) + cg (vﬂFpo)(vaW)> (2.4)

We did not include a (V,F*)(VPF,,) term because (V,F*) and (V*F,,) vanish in the
unperturbed solution, so variations of this term are proportional to additional powers
of the correction coefficients c;. A similar argument applies to crF*F, ,Ff°Fy,, whose
contribution to the equations of motion (to first order in ¢;) turns out to be equal to half
the contribution of (F*F,,)?, related to the fact that only FO' and F'0 are non-zero in
the unperturbed solution. Therefore, in our problem ¢; can be absorbed in c7.

The solution of the equations of motion for the metric is straightforward [[J]. First, one
can note that the spherical symmetry made it possible to express A\(r) and v(r) explicitly
in terms of R, as

20 1 [0 0_ pl
er=1-22 —/ drr? <M - R%) (2.5)
dr 1 ), 2
v=—\ +/ drr (R8 - R%) e (2.6)

Next, recall Einstein’s equation in the form

2 6Smatter
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where T =T + T} + T3 + T3 (with T§ = T3). Then (2.5) and (R.6) become

2pM 2 o0
er=1-22 K—/ drr®TY (2.8)
dmr r J
oo
v=-\+ /{2/ drr (Tg — 1) e (2.9)
T

We take the higher-order terms in the action (R-4) to be a perturbation, treat them as a
part of Spatter, and use the unperturbed solution @) to calculate their corresponding T},
We also vary the action with respect to the gauge field to obtain corrections to Maxwell’s
equations, which modify the contribution of the —iFWF’“’ term to Tj,,,. The calculation
of these two contributions to the effective T}, is presented in appendix . The corrected
metric in terms of m = M /4w and q = Q /47 is

2 2 2 2

RN K
Y q+q_6<
.

4

02% (—6/{2q2 + 15mr?r — 207“2)
ol

+ose (—24k2¢* + 60k mr — 80r%) + car® (—6k%¢* + 14k*mr — 16r7)

2 2
+ 05% (—11/{2q2 + 25k2mr — 307“2) + Cﬁ% (—16;-@2(]2 + 35k%mr — 40r2)

— 4202 2
+cy < ~ 9 ) + 08i (6,«;2(12 — 15K%mr + 20r2)

5 5
2
+o7g (652¢% — 15k%mr + 207«2)) (2.10)
The mass-charge relation for extremal black holes becomes
Kk M 2 2c5  2c6 8¢y 2c8 9
——=1-—12 8 — =t — - — - = 2.11
i (s G T 0) e

Then the conjecture of Arkani-Hamed et al. implies that our low-energy effective theory
must satisfy
2cokd + 8egkt + 205k2 + 206K + 8cr — 2esK% — cgr? > 0 (2.12)

We performed the same calculation in D spacetime dimensions, and the results are
presented in appendix [B

We can use our results to check whether higher-order terms in the string theory effective
action increase or decrease the mass-charge ratio in certain special cases. A U(1) gauge field
can arise as a subgroup of the EgxEg or SO(32) gauge group in the low-energy effective
theory of the heterotic string. We would like to consider a black hole charged under this
U(1), while we set the remaining gauge fields and the antisymmetric field strength H,,,
to zero. Consider heterotic string theory compactified on a (10 — D)-dimensional torus.
If we are able to stabilize the dilaton, then one possible background is a D-dimensional
Reissner-Nordstrom black hole. (A black hole that involves the dilaton as well is discussed
in the next section.) The ten-dimensional Lagrangian is [[L3]:

1 1 o'h
L=—R-—-F,F*" +—— (R,,,0 R*""° — 4R, R" + R?
22, gt 16r2, (e i + )
3
—6—40/hn§0 (B F*™)? — AF"™F,,F" F,,) (2.13)



The dilaton has been set to a constant ¢y and h = e~ "10%0/ V2, Such an assumption may
be physically interpreted as a consequence of a dynamically generated potential for the
dilaton in a particular compactification: the dilaton acquires mass much greater than the
inverse radius of the black hole, its effects may be neglected, while the terms we consider
are preserved. In D = 4, the Gauss-Bonnet combination

Ryupo R*P7 — 4R, R* + R?

is a topological invariant and does not influence the equations of motion. It does have
an effect in other dimensions, where it interestingly cancels the (3D — 7) factor in (|B.19).
While the effect of the Gauss-Bonnet terms is to increase the mass, the combination of the
F* terms decreases the mass. (Note also that when the F* terms are expressed in terms of
(F2)2 and (FF)2, their coefficients are positive, much like in the Dirac-Born-Infeld action:
this fact is required by the energy conditions or, equivalently, the unitarity [[4].) With
/ / /,.2

- % ey = —i% cr = 3hg‘4“ (2.14)

where we absorbed ¢7 in ¢; as explained after eq. (R.4), we obtain

Cl1 = C3

D —3 k2 M? (D —3)2D —5)h [ (D—2)(D—3)0%_ 1/(D=3)
D2 ¢ o 4(3)1(>—7>) <( ! )m) (2.15)

o K2Q2
The overall effect is to lower M/Q for D > 3, as we indeed expect for a theory that includes
quantum gravity.
Interestingly, the leading term in D canceled in (P.15), which might be relevant in large-
D expansions. The reader may also notice that the leading mass correction parametrically
agrees with the relation for perturbative string excitations only in D = 4, where both

relations can be written as
M?=aQ*-b (2.16)

where a and b are constants.

3. Corrections to the GHS black hole

In general, the low-energy effective action of the heterotic string includes also the dilaton
field ¢, which is sourced by the gauge field:

S = / da/—g <R — V) — e*2¢FWFW) (3.1)
When the dilaton is present, the Reissner-Nordstréom metric is no longer a solution to the
equations of motion. Black holes charged under a U(1) gauge field must also carry dilatonic
charge, as was analyzed by Garfinkle et al. (GHS) [[[J]. A magnetically charged black hole
(F = Qsinfdf A dyp) is then described by

—1 2 —2¢0
ds® = — (1 — g) dt* + (1 - ¥> dr® +r (r - QBT> dQ? (3.2)

2 o—2¢0
e 20 — ¢2¢0 <1 — 762 ]e\/_fr > (3.3)



where ¢q is the asymptotic value of ¢ at infinity, which we set to zero, for simplicity. The
black hole has a horizon at r = 2M for M > |Q|/v/2. The solution for the dilaton implies
that the black hole has a dilatonic charge of D = —Q?/2M, which for the extremal case
reduces to D = —M. The force between two particles with magnetic charge @), dilatonic
charge D, and mass M, is given by

Q2 _ D2 _ M2
16772

so the net force between two extremal black holes with equal charges vanishes. The argu-

F = (3.4)

ment of Arkani-Hamed et al. would then predict that higher-order corrections to the mass
and the dilatonic charge would make the mass smaller and the net force repulsive as the
charge () becomes smaller.

Corrections to the metric and dilaton field of a magnetically-charged GHS black hole
due to the next order terms (R2?, F*, F?(V¢)?) in the heterotic string effective action
have been calculated by Natsuume [1f]. After eliminating many of the terms by field
redefinitions, he obtained the corrections to leading order in o as

L = a(RupeR"P7 — AR, R" + R?) + b(F?)* 4 cF*(V¢)? + hR"* F,,F,, (3.5)

The coefficients of R, - R*f? and RF'P?F,,, F,;, which are invariant under field redefini-

tions, were then taken from the heterotic string calculations [IJ]: a = o//8 and h = 0. The
perturbed equations of motion were written down, and a requirement of consistency with
exact results that were obtained for this black hole [[[] determined ¢ = o//2. The value of
b does not affect the correction to the mass. The metric (in the extremal limit) becomes

~\ 1+4e€ ~ ~\ —1+e€ ~
ds? = — (1 - g) f <g> dt? + <1 — g) f3 <g> dr? + (3.6)
~\ l4e ~
) ()

and the dilaton is given by
~ 1+e ~
e 2 = (1 — 9) f4 <9> (3.7)
r r

where Q = v2Q, ¢ = (2b — 1)0//@27 and

/

z) =1 — ——a(112® + 72% + 162 + 38) + g(x 3.8
fo(z) 1002 ( ) +9(x) (3.8)
/
fa(x) = 1 — ——2(192° + 2522 + 26 + 42) + g(x) (3.9)
40Q?
(XI
r)=1-— —2(—92> + T2 + 162 + 38) + g(z 3.10
fa(z) 002 ( ) +9(z) (3.10)
a/
g(x) = —==bx(152° 4 322% + 57x + 120). 3.11
(2) 6007 ( ) (3.11)



Natsuume found that the mass-charge relation for the extremal black holes (with the
normalization given in our eq. (B.1)) is given by

M= % (1 - 45222> . (3.12)

This agrees with the expectation that the M/Q ratio decreases as the charge @) becomes

smaller.

Furthermore, we can use eq. (B.1) to determine the correction to the dilatonic charge
D. We identify D as the coefficient of the 1/r% term in d¢/dr and obtain the corrected
dilatonic charge of the extremal black hole as

D= —% <1 - 40%2> . (3.13)

Since both the mass and the dilatonic charge decrease, the net force (B.4) between the

extremal black holes becomes repulsive, as was conjectured in section [I.

4. Discussion

We have calculated the corrections to the masses of extremal black holes in several back-
grounds. In all examples where we could verify the sign, the sign was negative. This
fact was not guaranteed by the general rules of effective field theory; however, general
arguments exist why such an inequality could follow from the consistency of couplings in
quantum gravity [.

Other examples of black objects where the inequality could be checked include non-
supersymmetric black holes in type II string theory on Calabi-Yau manifolds and various
black branes. It is desirable to find either a more general proof that the extremal black
holes become lighter in general backgrounds of quantum gravity or a counterexample. We
also conjecture that the first correction to the Bekenstein-Hawking entropy, arising from
higher-derivative terms applied to Wald’s formula, is positive in all cases. We are not aware
of counterexamples; explicit checks or a more general proof could shed some light on the
UV-IR relations in quantum gravity.
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A. Energy-momentum tensor

First order corrections to the energy-momentum tensor 7), have two contributions: a
correction to the energy-momentum tensor of the —%FH,,F ¥ term due to corrections to



FH*_ and an effective contribution representing the modification of Einstein’s equation by
all the higher-order terms.

To find the first contribution, we vary the action with respect to A, to obtain the
corrected Maxwell’s equations:

V,FM = 4¢4V,(RF*) 4+ 2¢5V (R F,” — R'PF,!) (A.1)
+4cgV (R Fog) + 8¢7V, (Fpe FP° FM)
—4cgV, ,OFM —2¢9V,V ,(VFFPY — VY FPE)
We find the first-order correction to F*” by treating the right hand side as a perturbation
(evaluated with the unperturbed metric and electric field). Since T}, is quadratic in the
fields, only corrections to F°! (which is non-zero in the unperturbed solution) are of the
first order in ¢;.

To find the second contribution to 7},,, we calculate the variation of the higher-order
terms in the action with respect to g"”, which gives

AT, = ¢1 (9w R* — 4RR,, + 4V, VR — 4g,,0R) (A.2)
+c2 (g Rpo R + 4V VR — 20R,, — g OR — 4R5 Ry,
+ey (gWRaMRaW —4R05, R, —80R,,, +4V, V. R+8R% Ray — SRQﬁRWVﬁ)
+e4 (9w RF? —ARF,°F,, — 2F?R,,, + 2V, V, F? — 2g,,0F?)
+c5 <gu,,R"‘)‘FRpF)\" — 4Ry, F,,F°? — 2R*PF,, F5, — VoV 3(F* ,F°P)
42V, VY, (FgFP) — D(FWFVP))
6 (G RN B Fy — 6Foy FPIR® 5, = AV 5V (F, FP) ) +
+e7 (g (F?)? — 8F?F,F,,)
5 (91 (Vo) (VI FP7) = 2V, Fa) (Vo ) = 4(Va By ) (VO FP)
AV (F,3VOF,P) + 4V 0 (F)sV  F0) — AV, (F° BV,,FMB))
05 (G (Vi Fpo) (VIF") = AV, F) (VaFy) = 2V Fy ) (VO F?,)
4OV (F,gVOFP) + 2V (F,5V, ) — 2va(Fa5vauﬁ))

where we denoted F? = Foo FP.

B. Corrections to the Reissner-Nordstrom black hole in D dimensions

The solution presented in section ] can be easily generalized to Reissner-Nordstom black
holes in D spacetime dimensions. (The unperturbed solution is presented in refs. [[[§
and [I9).) The most general spherically symmetric static metric in D spacetime dimensions
has the form

ds® = =0 dt* + X Vdr? + 1202, ) (B.1)



where

A%y = dbg,  dQy ) = dbf +sin®0;dQF) 0<6y<2m, 0<6;<m
so the metric for the coordinates (¢, r, 0p_3, Op_2, ..., 6p) is
g = diag <—e"(r), A r2 p2sin?0p_s, ..., r2sin?0p_s - - - sin® 0y sin? 91> (B.2)
D-3 '
V=g = P72 N2 H (sin®;)* (B.3)
i=1

The corresponding Christoffel symbols are

v
[ =Tox =T =T, =T =0 P81:§ (B.4)
1 _ N e
Lo = §V/€V YT =T =Tl = Thsr =0 Th = ) iy = = Gkk
1
Flgo = Flgl = Flgk/ = Flfl == Flfqu"#k‘ =0 Flk‘ = ; Flglse not shown
where k, k' = 2,...,D — 1. The non-zero components of the Ricci tensor are
-2 12 I/ /
0 e y oV V' v
= —— — - D—-2)—
Ry 5 (1/ +5 5 T ( ) " )
-2 12 I/ /
1 e y v v'A A
= —— — = —(D -2 B
Rl = ( + T (D9 ) (B.5)

We can then write

Ro R1 k - - €
D -2 — R = 2 (=1 - r rP—2

Ry — R}
D=3/ —X\ _ 0 1 k
r” (e 1) /dr r < —5 Rk)

Assuming that the asymptotic behavior at » — oo is the Schwarzschild solution, this

becomes
212 M 1 o0 RY — R}
A _ 1 _ _ D-2 0 k
et =1 (D —2)0p D3 D3 /T drr < Do Rk> (B.7)
where
0 9 7(D-1)/2
D-2= o=~ a7
(D —1)/2]



is the area of the unit sphere. Similarly,

-/ /
+A
RO _ pl - _ _ 6_ v
o — Ri (D-2) 5 ",
2 o
v = —A+m/ drr (R) — R}) * (B.8)
T
Einstein’s equation obtained from the action
D R
S = d T\ —g ﬁ + Smatter (Bg)
can be written as
T 2 4S8
2 matter
Rﬂu =k (T,ul/ - m g,ul/> T,ul/ = _\/—_—g 592,,6 (B.lO)
and in our case T =T + T + (D — 2)TF. Then (B27) and (B-§) become
2k2 M 2K &
Y D—2 70
=1- — d T B.11
¢ (D—2)Qp_srP3  (D—2)rD3 / T (B-11)
2+° e 0 1 A
v = —)\+D_2 drr(Ty —17)e (B.12)
T
The unperturbed electrically charged solution is
o oA 2 k2 M n 1 k2Q?
(D—-2)Qp_o rP=3 (D —2)(D - 3)Q3, , r2(P-3)
Q

We now consider an action of the form
1

R
S = / de\/—g<ﬁ = 1 Fw " + e R? 4 ¢ Ry R™ + ¢3 Ryyppe R'P7 +

+ ¢4 RF,, F*™ + 5 R F,,F,” + cg R F, Foy + 7 (Flu F*)?
+ 3 (VuEpo)(VHFPT) 4 cg (VMFPU)(V”FW)> (B.14)
By the same procedure as described in the main text, we consider the corrections to the

effective T}, based on the equations in appendix [A], and obtain the mass-charge relation
for extremal black holes

D — 3 k22 2(D — 3) ((D —2)(D - 3)9%,_2) e « (B.15)

D-2 @ ~ (D-23BD-7) K2Q2
x [(D = 3)(D —4)? k%1 + (D — 3)(2D* — 11D + 16) *co+
+2(2D3 — 16D? + 45D — 44) k%c3 + 2(D — 2)(D — 3)(D — 4)c4+
+2(D —2)(D — 3)%¢5 + 2(D — 2)(D — 3)%¢cs + 4(D — 2)%(D — 3)%—

—2(D —2)(D —3)%cs — (D — 2)(D — 3)%cy]

,10,



It is convenient to choose the normalization x? = (D — 2)/(D — 3), and then

2 _ 2/(D-3)
M 2 <(D 3) QD2> x (B.16)

= 1-
Q? 3D -7 Q

x [(D = 3)(D — 4)%c; + (D — 3)(2D* — 11D + 16)co+

+2(2D% — 16D* 4 45D — 44)c3 + 2(D — 3)*(D — 4)cq + 2(D — 3)3cs5+

+2(D = 3)3cs + 4(D — 3)%c; — 2(D — 3)cy — (D — 3)°cy]
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